
Type inference for functional and imperative
dynamic languages
using set-theoretic types

Mickaël Laurent, Jan Vitek
October, 2026

Sorbonne Université, Paris

Charles University, Prague

0/14



Summary

Context and motivations

Pure core calculus with set-theoretic types

How to encode imperative features (opaque data types)

1/14



Context and motivations

Context and motivations

Pure core calculus with set-theoretic types

How to encode imperative features (opaque data types)

1/14



Example: filter function

def f i l ter (f, l):
res = []

for e in l:

if f(e):

res.append(e)

return res

Can we do better?

Higher-order arrows Mutability
Unions Intersections (overloads)
Parametric polymorphism (generics)
Type narrowing Type inference
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Example: filter function

def f i l ter (f: (α → bool) ∧ (β → false), l: list(α ∨ β)):
res = []

for e in l:

if f(e):

res.append(e)

return res

type> ((α → bool) ∧ (β → false), list(α ∨ β)) → list(α ∖ β)

f i l ter (lambda x: type(x) is int, [42, None, 13])
Can we do better?

Higher-order arrows Mutability
Unions Intersections (overloads)
Parametric polymorphism (generics)
Type narrowing Type inference
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Example: filter function

type falsy = False ∨ "" ∨ 0 ∨ None ∨ [] ∨ () ∨ {}
type truthy = ¬falsy

def f i l ter (f: (α → any) ∧ (β → falsy), l: list(α ∨ β)):
res = []

for e in l:

if f(e):

res.append(e)

return res

type> ((α → any) ∧ (β → falsy), list(α ∨ β)) → list(α ∖ β)

f i l ter (lambda x: type(x) is int, [42, None, 13])
Can we do better?

Higher-order arrows Mutability
Unions Intersections (overloads)
Parametric polymorphism (generics)
Type narrowing Type inference
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Pure core calculus with set-theoretic
types

Context and motivations

Pure core calculus with set-theoretic types

How to encode imperative features (opaque data types)
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Set-Theoretic Types [Frisch, 2004]

[Castagna and Xu, 2011]

Basic Types b ∶∶= bool ∣ int ∣ ... ∣ false ∣ true ∣ 0 ∣ 1 ∣ ...
Set-Theoretic Types t ∶∶= b ∣ t → t ∣ t × t ∣ t ∨ t ∣ t ∧ t ∣ ¬t ∣ empty ∣ any

∣ α

Types are interpreted as sets of values:

JfalseK={false}
JboolK ={false,true}

Jt1 × t2K = Jt1K × Jt2K
Jt1 → t2K= “Jt2KJt1K” ∗

Jt1 ∨ t2K= Jt1K ∪ Jt2K
Jt1 ∧ t2K= Jt1K ∩ Jt2K

*Not the actual interpretation (for cardinality reasons).

Semantic subtyping: t1 ≤ t2
def⇔ Jt1K ⊆ Jt2K

The semantic subtyping relation ≤ is decidable.
All set properties are inherited: commutativity, idempotence, distributivity, etc.
Intersections can be used to type overloaded functions:
f ∶ (α → any) ∧ (β → falsy)

3/14



Set-Theoretic Types [Frisch, 2004]

[Castagna and Xu, 2011]

Basic Types b ∶∶= bool ∣ int ∣ ... ∣ false ∣ true ∣ 0 ∣ 1 ∣ ...
Set-Theoretic Types t ∶∶= b ∣ t → t ∣ t × t ∣ t ∨ t ∣ t ∧ t ∣ ¬t ∣ empty ∣ any

∣ α

Types are interpreted as sets of values:

JfalseK={false}
JboolK ={false,true}

Jt1 × t2K = Jt1K × Jt2K
Jt1 → t2K= “Jt2KJt1K” ∗

Jt1 ∨ t2K= Jt1K ∪ Jt2K
Jt1 ∧ t2K= Jt1K ∩ Jt2K

*Not the actual interpretation (for cardinality reasons).

Semantic subtyping: t1 ≤ t2
def⇔ Jt1K ⊆ Jt2K

The semantic subtyping relation ≤ is decidable.
All set properties are inherited: commutativity, idempotence, distributivity, etc.
Intersections can be used to type overloaded functions:
f ∶ (α → any) ∧ (β → falsy)

3/14



Set-Theoretic Types [Frisch, 2004]

[Castagna and Xu, 2011]

Basic Types b ∶∶= bool ∣ int ∣ ... ∣ false ∣ true ∣ 0 ∣ 1 ∣ ...
Set-Theoretic Types t ∶∶= b ∣ t → t ∣ t × t ∣ t ∨ t ∣ t ∧ t ∣ ¬t ∣ empty ∣ any

∣ α

Types are interpreted as sets of values:

JfalseK={false}
JboolK ={false,true}

Jt1 × t2K = Jt1K × Jt2K
Jt1 → t2K= “Jt2KJt1K” ∗

Jt1 ∨ t2K= Jt1K ∪ Jt2K
Jt1 ∧ t2K= Jt1K ∩ Jt2K

*Not the actual interpretation (for cardinality reasons).

Semantic subtyping: t1 ≤ t2
def⇔ Jt1K ⊆ Jt2K

The semantic subtyping relation ≤ is decidable.
All set properties are inherited: commutativity, idempotence, distributivity, etc.
Intersections can be used to type overloaded functions:
f ∶ (α → any) ∧ (β → falsy)

3/14



Set-Theoretic Types [Frisch, 2004] [Castagna and Xu, 2011]

Basic Types b ∶∶= bool ∣ int ∣ ... ∣ false ∣ true ∣ 0 ∣ 1 ∣ ...
Set-Theoretic Types t ∶∶= b ∣ t → t ∣ t × t ∣ t ∨ t ∣ t ∧ t ∣ ¬t ∣ empty ∣ any ∣ α

Types are interpreted as sets of values:

JfalseK={false}
JboolK ={false,true}

Jt1 × t2K = Jt1K × Jt2K
Jt1 → t2K= “Jt2KJt1K” ∗

Jt1 ∨ t2K= Jt1K ∪ Jt2K
Jt1 ∧ t2K= Jt1K ∩ Jt2K

*Not the actual interpretation (for cardinality reasons).

Semantic subtyping: t1 ≤ t2 ⇔ ∀σ. t1σ ≤ t2σ ⇔ ∀σ. Jt1σK ⊆ Jt2σK

The semantic subtyping relation ≤ is decidable.
All set properties are inherited: commutativity, idempotence, distributivity, etc.
Intersections can be used to type overloaded functions:
f ∶ (α → any) ∧ (β → falsy)

3/14



Set-Theoretic Types [Frisch, 2004] [Castagna and Xu, 2011]

Basic Types b ∶∶= bool ∣ int ∣ ... ∣ false ∣ true ∣ 0 ∣ 1 ∣ ...
Set-Theoretic Types t ∶∶= b ∣ t → t ∣ t × t ∣ t ∨ t ∣ t ∧ t ∣ ¬t ∣ empty ∣ any ∣ α

Types are interpreted as sets of values:

JfalseK={false}
JboolK ={false,true}

Jt1 × t2K = Jt1K × Jt2K
Jt1 → t2K= “Jt2KJt1K” ∗

Jt1 ∨ t2K= Jt1K ∪ Jt2K
Jt1 ∧ t2K= Jt1K ∩ Jt2K

*Not the actual interpretation (for cardinality reasons).

Semantic subtyping: t1 ≤ t2 ⇔ ∀σ. t1σ ≤ t2σ ⇔ ∀σ. Jt1σK ⊆ Jt2σK

The semantic subtyping relation ≤ is decidable.
All set properties are inherited: commutativity, idempotence, distributivity, etc.
Intersections can be used to type overloaded functions:
f ∶ (α → any) ∧ (β → falsy)

3/14



Core type system [Castagna et al., 2024]

Intersection types
[Coppo et al., 1981]

Prenex polymorphism
(generics)

[Hindley, 1969, Milner, 1978]

Union types
[MacQueen et al., 1986]

[Barbanera et al., 1995]

Pure λ-calculus with type-cases:
e ∶∶= c
∣ x
∣ λx .e
∣ e e
∣ (e, e)
∣ πie
∣ (e∈t) ? e : e

[Ax-Inst]
Γ, x ∶ ∀α⃗.t ⊢ x ∶ tσ

dom(σ) ⊆ α⃗

For genericity

For overloading

[∧]
Γ ⊢ e ∶ t1 Γ ⊢ e ∶ t2

Γ ⊢ e ∶ t1 ∧ t2

For type narrowing

[Let]

Γ ⊢ e1 ∶ ⋁i∈I si

(∀i ∈ I) Γ, x ∶ si ⊢ e2 ∶ t

Γ ⊢ let x = e1 in e2 ∶ t
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Type inference and tallying [Castagna et al., 2015]

Type inference based on tallying (≃ unification with subtyping constraints),
similar to algorithm W of Hindley-Milner systems.

λ. x + x where + ∶ (int × int→ int) ∧ (string × string→ string)

We need to find every σ such that:

((int × int→ int) ∧ (string × string→ string)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

type of +

) σ ≤ ( α × α
²

type of arg
→ β
¯

result

) σ

Two solutions: σ1 = {α ↝ int, β ↝ int} and σ2 = {α ↝ string, β ↝ string}

λx ∶ int. x + x
⇓

λx ∶ string. x + x
⇓

(int→ int) ∧ (string→ string)
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´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

type of +

) σ ≤ ( α × α
²

type of arg
→ β
¯

result

) σ

Two solutions: σ1 = {α ↝ int, β ↝ int} and σ2 = {α ↝ string, β ↝ string}

λx ∶ int. x + x
⇓

λx ∶ string. x + x
⇓

(int→ int) ∧ (string→ string)
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Towards a real-world imperative language

Our pure λ-calculus is lacking features:

Imperativity
Mutable variables
Mutable data structures (arrays, dictionaries, etc.)
Imperative control flow (loops, break, return, exception, etc.)

Objects, modules, traits, etc.

Other language-specific features (e.g. laziness, dynamic dispatch mechanisms)
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Opaque data types

To help us encode these features,
we introduce a general notion of opaque data types in the set-theoretic type algebra.

We have seen that each type constructor has an interpretation:

Jt1 × t2K = Jt1K × Jt2K
Jt1 → t2K= “Jt2KJt1K”

Jt1 ∨ t2K= Jt1K ∪ Jt2K
Jt1 ∧ t2K= Jt1K ∩ Jt2K

A parametric opaque data type o(.) has an unknown interpretation:

Jo(t)K =def f (JtK) for some unknown f ∶ P(V) → P(V)

Subtyping must be sound w.r.t every possible interpretation.

If f satisfies some properties ⇒ more precise subtyping relation.
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Opaque data types

Property of f Description of o
Subtyping relation

⋀p∈P o(tp) ≤ ⋁n∈N o(sn) holds when...

No property Invariant parameter ∃p ∈ P . ∃n ∈ N. tp ≃ sn

Monotonic Covariant parameter ∃p ∈ P . ∃n ∈ N. tp ≤ sn

Isomorphic to identity Just tagging/boxing ⋀p∈P tp ≤ ⋁n∈N sn

Can be refined with additional properties:
preservation of ∧, preservation of ∨, preservation of any, preservation of empty

8/14



Opaque data types

Property of f Description of o
Subtyping relation

⋀p∈P o(tp) ≤ ⋁n∈N o(sn) holds when...

No property Invariant parameter ∃p ∈ P . ∃n ∈ N. tp ≃ sn

Monotonic Covariant parameter ∃p ∈ P . ∃n ∈ N. tp ≤ sn

Isomorphic to identity Just tagging/boxing ⋀p∈P tp ≤ ⋁n∈N sn

Can be refined with additional properties:
preservation of ∧, preservation of ∨, preservation of any, preservation of empty

8/14



Encodings

Feature Encoded with…

Mutable variables Invariant opaque data type ref(.) + value restriction
assign: ref('a) -> 'a -> unit
read: ref('a) -> 'a

Mutable arrays Invariant opaque data type array(.) + value restriction

Laziness Covariant opaque data type thunk(.) around arguments
force: thunk('a) -> 'a

Objects Record type tagged with an opaque data type,
e.g. object({{{attr1 ∶ t1, ..., attrn ∶ tn}}})
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Program transformations (just for typing)

let filter f arr =

let res = array () in

let mut i = 0 in

while i < len arr do

let e = arr[i] in

if f e do push res e end ;

i := i + 1

end ;

return res

⇒

fun f -> fun arr ->

let res = array () in

let i = ref 0 in
let _ =

let i1 = read i in
if i1 < len arr then

let e = arr[i1] in

let _ =

if f e then push res e else ()

in

assign (i, i1 + 1)
else () in

res
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MLsem (https://github.com/E-Sh4rk/MLsem)

MLsem is a type-checking library for dynamic languages, featuring:

polymorphism (subtyping, ad-hoc, parametric),
imperative constructs,
type narrowing and type inference [Castagna et al., 2024],
gradual typing [Castagna et al., 2019]

Source language
MLsem

Imperative
core language

Pure functional
core language

Elimination of
pattern matching

Elimination of
breaks/returns

Encoding mutability
using references

Encoding sequences
using let-bindings

Transformations to make
data-flow more explicit
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MLsem (https://github.com/E-Sh4rk/MLsem)
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A modular typing framework

SSTT [Laurent, Nguyen]
modular set-theoretic type algebra

OCaml, 7500 loc

RSTT [Laurent]
type algebra extension for R

OCaml, 3000 loc

MLsem [Laurent]
type checking library
OCaml, 7000 loc

Rsem [Laurent]
for the R language

PySem [Volte-Vieira]
for the Python language

NativeSem [Donat-Bouillud]
for the native R libraries in C

Type algebra

Type system

Type-checkers
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Conclusion

Type system for a pure λ-calculus:
Ad-hoc polymorphism (overloading), parametric polymorphism (genericity)
Type narrowing, gradual typing
Type inference based on tallying (≃ HM unification)

Applications to « real » dynamic languages using encodings:
Opaque data types can be used to type many data structures
Program transformations to eliminate imperative control flow, etc.

Related work:
Algebraic subtyping [Dolan and Mycroft, 2017, Parreaux and Chau, 2022]
⇒ no ad hoc polymorphism, but a principal (polar) type inference
Other type systems based on set-theoretic types:
for Elixir [Castagna et al., 2023], for Erlang [Schimpf et al., 2023] 14/14
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